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We calculate the width of the Roper resonance at next-to-leading order in a systematic expansion of 
baryon chiral perturbation theory with pions, nucleons, and the delta and Roper resonances as dynamical 
degrees of freedom. Three unknown low-energy constants contribute up to the given order. One of them 
can be ﬁxed by reproducing the empirical value for the width of the Roper decay into a pion and a 
nucleon. Assuming that the remaining two couplings of the Roper interaction take values equal to those 
of the nucleon, the result for the width of the Roper decaying into a nucleon and two pions is consistent 
with the experimental value.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
At low energies, chiral perturbation theory [1,2] provides a suc-
cessful description of the Goldstone boson sector of QCD. It turns 
out that a systematic expansion of loop diagrams in terms of small 
parameters in effective ﬁeld theories (EFTs) with heavy degrees 
of freedom is a rather complicated issue. The problem of power 
counting in baryon chiral perturbation theory [3] may be solved 
by using the heavy-baryon approach [4–6] or by choosing a suit-
able renormalization scheme [7–10]. The  resonance and (axial) 
vector mesons can also be included in EFT (see e.g. Refs. [11–20]). 
On the other hand, the inclusion of heavier baryons such as the 
Roper resonance is more complicated.
Despite the fact that the Roper resonance was found a long 
time ago in a partial wave analysis of pion–nucleon scattering data 
[21], a satisfactory theory of this state is still missing. The Roper 
is particularly interesting as it is the ﬁrst nucleon resonance that 
exhibits a decay mode into a nucleon and two pions, besides the 
decay into a nucleon and a pion. Also, the Roper appears unexpect-
edly low in the spectrum, below the ﬁrst negative parity nucleon 
resonance, the S11(1535). It is therefore timely to address this 
state in a chiral EFT. First steps in this direction have been made 
in Refs. [22–26]. In particular, the pion mass dependence of the 
pole mass and the width of the Roper resonance has been stud-
ied in Refs. [22,23] and the magnetic moment was investigated in 
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SCOAP3.Ref. [24]. The authors of Ref. [25] studied the impact of the ex-
plicit inclusion of the Roper resonance in chiral EFT on the P11
pion–nucleon scattering phase shift, and Ref. [26] presented new 
ideas on the extension of the range of applicability of chiral EFT 
beyond the low-energy region.
In this work we calculate the width of the Roper resonance in a 
systematic expansion in the framework of baryon chiral perturba-
tion theory with pions, nucleons, the delta and Roper resonances 
as explicit degrees of freedom.
The paper is organized as follows: in Section 2 we specify the 
effective Lagrangian, in Section 3 the pole mass and the width 
of the Roper resonance are deﬁned and the perturbative calcula-
tion of the width is outlined in Section 4. In Section 5 we discuss 
the renormalization and the power counting applied to the decay 
amplitude of the Roper resonance, while Section 6 contains the 
numerical results. We brieﬂy summarize in Section 7.
2. Effective Lagrangian
We start by specifying the elements of the chiral effective La-
grangian which are relevant for the calculation of the width of the 
Roper at next-to-leading order in the power counting speciﬁed be-
low. We consider pions, nucleons, the delta and Roper resonances 
as dynamical degrees of freedom. The corresponding most general 
effective Lagrangian can be written as
Leff = Lππ +LπN +Lπ +Lπ R +LπN +LπNR +LπR , (1)
where the subscripts indicate the dynamical ﬁelds contributing to 
a given term. From the purely mesonic sector we need the follow-
ing structures [2,27] under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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2
4
〈∂μU∂μU †〉 + F
2M2
4
〈U † + U 〉,
L(4)ππ = 18 l4〈u
μuμ〉〈χ+〉 + 1
16
(l3 + l4)〈χ+〉2, (2)
where 〈 〉 denotes the trace in ﬂavor space, F is the pion decay 
constant in the chiral limit and M is the leading term in the quark 
mass expansion of the pion mass [2]. The pion ﬁelds are contained 
in the unimodular unitary 2 × 2 matrix U , with u = √U and
uμ = i
[
u†∂μu − u∂μu†
]
,
χ+ = u†χu† + uχ †u , χ =
[
M2 0
0 M2
]
. (3)
The terms of the Lagrangian with pions and baryons contribut-
ing to our calculation read:
L(1)πN = ¯N
{
i/D −m + 1
2
g /uγ 5
}
N ,
L(1)π R = ¯R
{
i/D −mR + 1
2
gR/uγ
5
}
R ,
L(2)π R = ¯R
{
cR1 〈χ+〉
}
R ,
L(1)πNR = ¯R
{ gπNR
2
γ μγ5uμ
}
N + h.c. ,
L(1)π = −¯ iμξ
3
2
i j
{(
i/D jk −mδ jk
)
gμν
− i
(
γ μDν, jk + γ νDμ, jk
)
+ iγ μ/D jkγ ν +mδ jkγ μγ ν
+ g1
2
/u jkγ5g
μν + g2
2
(γ μuν, jk + uν, jkγ μ)γ5
+ g3
2
γ μ/u jkγ5γ
ν
}
ξ
3
2
kl 
l
ν ,
L(1)πN = h ¯ iμξ
3
2
i j 
μα(z1) ω
j
αN + h.c. ,
L(1)πR = hR ¯ iμξ
3
2
i j 
μα(z˜) ω jαR + h.c. , (4)
where N and R are isospin doublet ﬁelds with bare masses 
mN0 and mR0, corresponding to the nucleon and the Roper reso-
nance, respectively. The vector–spinor isovector–isospinor Rarita–
Schwinger ﬁeld ν represents the  resonance [28] with bare 
mass m0, ξ
3
2 is the isospin-3/2 projector, ωiα = 12 〈τ iuα〉 and 
μα(z) = gμα + zγ μγ α , where z is a so-called off-shell param-
eter. We ﬁx the off-shell structure of the interactions involving the 
delta by adopting g2 = g3 = 0 and z1 = z˜ = 0. Note that these off-
shell parameters can be absorbed in LECs and are thus redundant 
[29–31]. Leaving out the external sources, the covariant derivatives 
are deﬁned as follows:
DμN/R =
(
∂μ + μ
)
N/R ,(
Dμ
)
ν,i = ∂μν,i − 2 i i jkμ,kν, j + μν,i ,
μ = 1
2
[
u†∂μu + u∂μu†
]
= τkμ,k . (5)
Note that a mixing kinetic term of the form iλ1¯RγμDμN −
λ2¯RN + h.c. can be dropped, since, using ﬁeld transformations 
and diagonalizing the nucleon-Roper mass matrix, it can be re-
duced to the form of operators of the Lagrangian presented above 
[22].3. The pole mass and the width of the Roper resonance
The dressed propagator of the Roper resonance can be written 
as
i S R(p) = i
/p −mR0 − R(/p) , (6)
where −i R(/p) is the self-energy, i.e. the sum of all one-particle-
irreducible diagrams contributing to the two-point function of the 
Roper resonance. The pole of the dressed propagator SR is ob-
tained by solving the equation
S−1R (z) ≡ z −mR0 − R(z) = 0 . (7)
We deﬁne the physical mass and the width of the Roper resonance 
by relating them to the real and imaginary parts of the pole
z =mR − i R
2
. (8)
The pertinent topologies of the one- and two-loop diagrams 
contributing to the self-energy of the Roper resonance are shown 
in Fig. 1. We use BPHZ renormalization by subtracting real parts 
of loop diagrams in their chiral limit and replacing the parameters 
of the Lagrangian by their renormalized values. Imaginary parts 
of loop diagrams remain untouched. All counter terms responsible 
for these subtractions are generated by the effective Lagrangian at 
given order, however we do not show them explicitly.
We solve Eq. (7) perturbatively order by order in the loop ex-
pansion. We parameterize the pole as
z =m2 + h¯δz1 + h¯2δz2 +O(h¯3), (9)
where m2 =m0R + 4cR1 M2, with m0R the physical Roper mass in the 
chiral limit, and substitute in Eq. (7) in which we write the self-
energy as an expansion in the number of loops
R = h¯1 + h¯22 +O(h¯3) . (10)
By expanding in powers of h¯, we get
h¯δz1 + h¯2δz2 − h¯1(m2) − h¯2δz1′1(m2)
− h¯22(m2) +O(h¯3) = 0 . (11)
Solving Eq. (11) we obtain
δz1 = 1(m2),
δz2 = 1(m2)′1(m2) + 2(m2). (12)
Equations (8), (9) and (12) lead to the following expression for the 
width
R = h¯ 2i Im [1(m2)]
+ h¯2 2i
{
Im [1(m2)] Re
[
′1(m2)
]
+ Re [1(m2)] Im
[
′1(m2)
]}
+ h¯2 2i Im [2(m2)]+O(h¯3). (13)
Using the power counting speciﬁed in section 5, it turns out that 
the contribution of the second term in Eq. (13) is of an order 
higher than the accuracy of our calculation, which is δ5 (where 
δ is a small expansion parameter). In particular, Im [1(m2)] is of 
order δ3, Re
[
′1(m2)
]
is of order δ4, Re [1(m2)] is of order δ6
and Im
[
′1(m2)
]
is of order δ2. Also, modulo higher order correc-
tions, we can replace m2 by the physical mass mR . To calculate 
738 J. Gegelia et al. / Physics Letters B 760 (2016) 736–741Fig. 1. One and two-loop self-energy diagrams of the Roper resonance up-to-and-including ﬁfth order according to the standard power counting. The dashed and thick solid 
lines represent the pions and the Roper resonances, respectively. The double, i.e. solid-dotted, lines in the loops stand for either nucleons, Roper or delta resonances. The 
numbers in the circles give the chiral order of the vertices.
Fig. 2. Feynman diagrams contribution to the decay R → Nπ up to leading one-loop order. Dashed, solid, double and thick solid lines correspond to pions, nucleons, deltas 
and Roper resonances, respectively. The numbers in the circles give the chiral orders of the vertices.the contributions of the one- and two-loop self-energy diagrams 
to the width of the Roper resonance, speciﬁed in the ﬁrst and 
third terms of Eq. (13), respectively, we use the Cutkosky cutting 
rules. As shown in Ref. [32] in quantum ﬁeld theories with un-
stable particles the scattering amplitude is unitary in the space of 
stable particles alone. Thus, to calculate the imaginary part of the 
self-energy of the Roper resonance at one loop order we need to 
take into account only the contributions of the diagrams with in-
ternal nucleon lines. At two-loop order only contributions obtained 
by cutting the lines, corresponding to stable particles, are needed. 
Details of the calculation of the Roper resonance width using the 
decay amplitudes are given in the next section.
4. The width of the Roper resonance obtained from the decay 
amplitudes
By applying the cutting rules to the diagrams in Fig. 1 we 
obtain the graphs contributing in the decay amplitudes of the Roper resonance into πN and ππN systems, speciﬁed in Fig. 2
and Fig. 3, respectively. The decay amplitude corresponding to 
R(p) → N(p′)πa(q) can be written as
Aa = u¯N(p′)
{
A /qγ5τ
a}uR(p) , (14)
where a is an isospin index of the pion, and the u¯, u are conven-
tional spinors. The corresponding decay width reads
R→πN = λ
1/2(m2R ,m
2
N ,M
2)
16π m3R
|M1|2 , (15)
with λ(x, y, z) = (x − y − z)2 − 4yz and the unpolarized squared 
amplitude has the form
|M1|2 = 3(mN +mR)2
[
(mN −mR)2 − M2π
]
A∗A . (16)
Next, we deﬁne the kinematical variables for the decay R(p) →
N(p′)πa(q1)πb(q2) via
J. Gegelia et al. / Physics Letters B 760 (2016) 736–741 739Fig. 3. Tree diagrams contributing to the R → ππN decay. Crossed diagrams are not 
shown. Dashed, solid, double and thick solid lines correspond to pions, nucleons, 
deltas and Roper resonances, respectively. The numbers in the circles give the chiral 
orders of the vertices.
s1 = (q1 + q2)2 , s2 = (p′ + q1)2 , s3 = (p′ + q2)2 , (17)
subject to the constraint
s1 + s2 + s3 =m2R +m2N + 2M2π . (18)
The isospin and the Lorentz decomposition of the decay amplitude 
reads
Aab = χ †N
{
δab F+ + iabcτ c F−
}
χR , (19)
F± = u¯N(p′)
{
F (1)± −
1
2(mN +mR) [/q1, /q2] F
(2)
±
}
uR(p) , (20)
with the χ being isospinors, a and b are isospin indices of the 
pions. The unpolarized squared invariant amplitude is given by
|M|2 =
2∑
i, j=1
Yi j
[
3
2
F (i)+
∗
F ( j)+ + 3 F (i)−
∗
F ( j)−
]
,
Y11 = 2
[
(mN +mR)2 − s1
]
,
Y12 = Y21 = −s1ν ,
Y22 = 1
2
[
(4M2π − s1)(s1 − (mR −mN)2) − s1ν2
]
, (21)
with ν given by
ν = s2 − s3
mN +mR . (22)
The decay width corresponding to the ππN ﬁnal state is obtained 
by substituting |M|2 from Eq. (21) in the following formula
R→ππN = 1
32m3R(2π)
3
(mR−mN )2∫
4M2π
ds1
s2+∫
s2−
ds2 |M|2 , (23)
where the integration limits over s2 are given by
s2± = m
2
R +m2N + 2M2π − s1
2
± 1
2s1
λ1/2(s1,m
2
R ,m
2
N)λ
1/2(s1,M
2
π ,M
2
π ) . (24)
Let us emphasize here that to obtain the width of the Roper 
resonance we need to calculate the imaginary part of the self-
energy in the complex region. However, within the accuracy of our 
calculation, we only need the imaginary parts of the one- and two-
loop diagrams for the pole mass of the Roper resonance, mR . We 
can relate these to the decay amplitudes also calculated by putting 
the Roper external line on the real mass-shell. While this is an 
useful approximation well suited for our current accuracy, to de-
ﬁne the physical properties of unstable particles one needs to use 
the complex on-shell conditions, see, e.g. Ref. [33].
Thus, the contributions of the one- and two-loop self-energy 
diagrams in the width of the Roper resonance, speciﬁed in the ﬁrst 
and third terms of Eq. (13) sum up to
R = R→πN + R→ππN , (25)where R→πN and R→ππN are given by Eq. (15) and Eq. (23), 
respectively. The power counting and the diagrams contributing to 
each of these decay modes up to a given order of accuracy are 
discussed in the next section.
5. Renormalization and power counting
By counting the mass differences mR − mN , m − mN and 
mR −m as of the same order as the pion mass and the pion mo-
menta, the standard power counting would apply to all tree and 
loop diagrams considered in this work. According to the rules of 
this counting a four-dimensional loop integration is of order q4, an 
interaction vertex obtained from an O(qn) Lagrangian counts as of 
order qn , a pion propagator as order q−2, and a nucleon propaga-
tor as order q−1. We would also assign the order q−1 to the  and 
the Roper resonance propagators for non-resonant kinematics. The 
propagators of the delta and the Roper resonance get enhanced for 
resonant kinematics when they appear as intermediate states out-
side the loop integration [12]. In this case we would assign the 
order q−3 to these propagators.
As the mass difference mR − mN ∼ 400 MeV, the above men-
tioned power counting cannot be trusted. By considering mR −mN
as a small parameter of the order δ1, it is more appropriate to 
count Mπ ∼ δ2. To work out further details of the new counting, 
it is a more convenient to work with the kinematical variable ν
as deﬁned in Eq. (22) for the R → ππN decay. Within the range 
of integration speciﬁed by Eq. (23), ν varies from mN − mR to 
mR −mN (for Mπ = 0) and therefore we count ν ∼ δ. As s1 varies 
from 4M2π to (mR − mN )2, we assign the order δ2 to it. We also 
count mR −m ∼ δ2.
The R → πN width of Eq. (16) is of order δ3 × order of A∗A. 
The tree and one loop diagrams, contributing to the R → πN de-
cay are shown in Fig. 2. The tree order diagram (t2) is proportional 
to /qγ5M2π and therefore it contributes at order δ
4 to A, while di-
agram (t1) gives an order δ0 contribution. All one loop diagrams 
are of the order q3 in the standard counting. Thus they give order 
q2 contributions in A. Expanding these contributions in powers of 
Mπ , we absorb the real part of the ﬁrst, Mπ -independent, term in 
the renormalization of the coupling of the tree diagram (t1). The 
imaginary part of this ﬁrst term is of the order δ2 and can be cal-
culated explicitly. The next term in the expansion in powers of Mπ
is linear in Mπ and hence, if non-vanishing, it does not violate the 
standard power counting (terms, non-analytic in M2π do not vio-
late the standard power counting). Therefore its coeﬃcient must 
contain at least one power of (mR − mN). That is, the term lin-
ear in Mπ is at least of order δ3. Further terms are of even higher 
order. As a result, restricting ourselves to the order δ2 in A, and 
thus to order δ5 in the width of the Roper resonance, the only 
contribution of one loop diagrams of Fig. 2 which we might need 
is the Mπ -independent imaginary part. However, this imaginary 
part starts contributing in A∗A only at order δ4. Thus all contri-
butions of the one-loop diagrams are beyond the accuracy of our 
calculation. We have checked that for the numerical values of the 
couplings, as speciﬁed below, the individual contributions of the 
diagrams in Fig. 2 in the decay amplitude are indeed small com-
pared to the one of the tree order diagram.
According to Eq. (23) the R → ππN width is of order δ3 ×
order of |M|2 implying that the amplitude M is needed up to 
order δ1. The corresponding tree diagrams contributing to the R →
ππN decay are shown in Fig. 3.
1The delta propagators in these diagrams are to be understood 
as dressed ones. Expanding these propagators around their pole, 
1 By applying the methods of Refs. [34] and [35] to two-loop diagrams (i) and (j) 
in Fig. 1 with intermediate delta and nucleon lines, we checked that their contribu-
740 J. Gegelia et al. / Physics Letters B 760 (2016) 736–741we observe that the non-pole parts start contributing at higher or-
ders and therefore can be dropped. The contributions of the loop 
diagrams are suppressed by additional powers of δ so that they do 
not contribute at order δ5. Among these loop diagrams are those 
contributing to the decay of the Roper resonance to ππN system 
with two ﬁnal pions in the iso-singlet channel. Due to the pres-
ence of an iso-scalar scalar resonance f0(500) in this channel [36]
an inﬁnite number of pion–pion ﬁnite state interaction diagrams 
have to be summed up (see, e.g., Refs. [37,38]). Alternatively one 
can include the f0(500) as an explicit degree of freedom in the ef-
fective Lagrangian [39]. In both approaches it turns out that the 
corresponding contributions to R → ππN amplitude are of higher 
order than δ5, and hence estimated to be within the theoretical 
uncertainty due to higher order contributions given in Eq. (30) be-
low.
6. Numerical results
To calculate the full decay width of the Roper resonance we use 
the following standard values of the parameters [36]
Mπ = 139 MeV, mN = 939 MeV,
m = 1210± 1 MeV,  = 100± 2 MeV,
mR = 1365± 15 MeV, Fπ = 92.2 MeV, (26)
in Eqs. (15) and (23) and obtain
R→πN = 550(57.7) g2πNR MeV,
R→ππN =
[
1.49(0.58) g2A g
2
πNR − 2.76(1.07) gA g2πNR gR
+ 1.48(0.58) g2πNR g2R + 2.96(0.94) gA gπNRhhR
− 3.79(1.37)gπNR gRhhR + 9.93(5.45)h2h2R
]
MeV,
(27)
where the numbers in brackets indicate the errors due to the un-
certainties in Eq. (26). Equation (27) depends on ﬁve couplings in 
total for the two of which we substitute gA = 1.27 [36] and h =
1.42 ± 0.02. The latter value is the real part of this coupling taken 
from Ref. [40], where the given error takes into account only the 
statistical uncertainties. As noted before, the imaginary part only 
contributes to orders beyond the accuracy of our calculations. As 
for the other unknown parameters, we choose to pin down gπNR
so that we reproduce the width R→πN = (123.5 ± 19.0) MeV
from PDG [36], which yields gπNR = ±(0.47 ± 0.04 ± 0.02) =
±(0.47 ± 0.05), where the ﬁrst error is experimental and the sec-
ond is the theoretical error due to omitting higher-order (i.e. δ6
and higher) terms in πN estimated by multiplying the leading or-
der contribution by a factor δ3 = (mR −mN)3/m3N ≈ 0.08. In what 
follows we take both signs into account which contributes to the 
error budget. Further, we assume gR = gA and hR = h, which cor-
responds to the maximal mixing assumption of Ref. [41] (Table II).2
With the values speciﬁed above, one can predict the decay width 
for the decay mode R → ππN:
R→ππN = [0.53(24) − 0.98(43) + 0.53(24) ± 3.57(1.20)
∓ 4.57(1.72) + 40.4(22.2)] MeV
= [40.5(22.2) ± 1.0(2.1)] MeV , (28)
tions in the ππN indeed start at order δ5, i.e. there is no enhancement due to the 
delta propagator going “on-shell” in Fig. 3 (c). Note that the tree diagram in Fig. 3
(c) has been obtained by cutting these diagrams.
2 This work considers a scenario, where the nucleon and the  and Roper res-
onances are represented as chiral partners in a reducible representation of the full 
QCD chiral symmetry group.where the second term is due to the choice of the sign of gπNR . If 
we incorporate the second term as error to the ﬁrst term, then the 
decay width reads
R→ππN = 40.5(22.3) MeV , (29)
where the error is obtained in quadrature from Eq. (28). As is 
clearly seen from Eq. (28), the largest contribution in R→ππN
width comes from the decay with the delta resonance as an in-
termediate state. Further, we estimate the theoretical error due to 
omitting higher-order contributions by multiplying the δ5 result by 
δ = (mR −mN)/mN ≈ 0.43 and obtain
R→ππN = (40.5± 22.3± 16.8) MeV. (30)
Our estimation is consistent with ππN = (66.5 ±9.5) MeV quoted 
by PDG [36].
7. Summary
In current work we have calculated the width of the Roper res-
onance up to next-to-leading order in a systematic expansion of 
baryon chiral perturbation theory with pions, nucleons, delta and 
Roper resonances as dynamical degrees of freedom. We deﬁne the 
physical mass and the width of the Roper resonance by relating 
them to the real and imaginary parts of the complex pole of the 
dressed propagator. The next-to-leading order calculation of the 
width requires obtaining the imaginary parts of one- and two-loop 
self-energy diagrams. We employed the Cutkosky cutting rules and 
obtained the width up to given order accuracy by squaring the de-
cay amplitudes. Three unknown coupling constants contribute in 
the corresponding expressions. One of them we ﬁx by reproducing 
the PDG value for the width of the Roper decay in a pion and a 
nucleon. Assuming that the remaining two couplings of the Roper 
interaction take values equal to those of the nucleon, we obtain the 
result for the width of Roper resonance decaying into two pions 
and a nucleon that is consistent with the PDG value, taking into 
the account the experimental uncertainties and those of Eq. (30).
To improve the accuracy of our calculation, three-loop contri-
butions to the self-energy of the Roper resonance need to be cal-
culated. Moreover, contributions of an inﬁnite number of diagrams, 
corresponding to the scalar-isoscalar pion–pion scattering need to 
be re-summed either by solving pion–pion scattering equations or 
including the f0(500) as an explicit dynamical degree of freedom. 
Note also that new unknown low-energy coupling constants ap-
pear at higher orders, which need to be pinned down.
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